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Microstructure of the growing H]lﬂ
composite In situ DAN

FIG. 1

Oriented growth of the (Pb) — (Cd) composite in situ
a/ frozen solid/liquid interface (s/ | interface)
b/ typical structure of growing o / B composite in situ
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Conditions applied to the diffusion ”]l]T
equation by Jackson-Hunt theory |gAN

Ze.(

{

v oC
VC+——=0
D oz
<
8)(_ at X:O and X:Sa+Sﬂ
oC  vCy
= for 0<X<S,
§:+ﬁ for S, <X<S,+S,
0z D

C — solute concentration in the liquid at the solid/liquid interface
D — coefficient of diffusion in the liquid

K.A. Jackson, J.D. Hunt, Trans. AIME, 236, 1129-1142, (1966)
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Solution to the diffusion equation ||]|]T

Ze.(

{

9 by Jackson - Hunt theory DAN
X 7NX TNZ
RIG. 2 C=Cg+C,+ > B,co exp —
n=1 SO( + Sﬂ Sa + Sﬂ
1 . with
W-Sansﬁ» M B, — Cgsa —COﬁSﬂ
p.? o 3 SO[ Sl S,B
’ /]:—; 9?:%‘:::“; el :!\
Composite in situ growth: K.A. Jackson, J.D. Hunt,
a/ J-H planar s/l interface Trans. AIME, 236, 1129-1142, (1966)

b/ adequate J-H phase diagram
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A solid / liquid interface behaviour ”]m
according to Jackson-Hunt theory [pAN

c% a Imperfections of the J-H theory
Sa 70N\ Su SatSp a/ no mass balance:

C(x,0) - C¢ for a phase lamella
IS not equal to
Ce - C(x,0) for B phase lamella

Composition
5
—
Q q
I
>

T(x,O)I b b/ mass balance Is satisfied for S, = S;
SR R G Sat2Sp and C,* = C,?, only, in J-H theory
s ‘E A A A .
5 \Ay AT, P ¢/ undercooling greater than
5 "y \éT / i AT = T* - T, assumed in concept of

e e ¢ ideally coupled growth

N d/ discontinuity of temperature at

, ¢ the o / B inter-phase boundary
= e/ non-realistic curvature
% o B FIG.3 of the solid / liquid interface shape
g -, S, S0 28

K.A. Jackson, J.D. Hunt, Trans. AIME, 236, 1129-1142, (1966)
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(il

PAN

according to the J-H scheme (FIG. 3a) some parts of o - phase should grow from the liquid
of the solute concentration adequate to the formation of B - phase, rather
it could lead to the changes in inter-lamellar spacing and instability of a solid/liquid interface

NI

FIG. 4

instability at the solid / liquid interface
a/ observed during composite in situ growth
b/ concluded from the J-H theory (as above)

K.A. Jackson, J.D. Hunt, Trans. AIME, 236, 1129-1142, (1966)
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A solid / liquid interface behaviour ”]l]T
according to Jackson-Hunt theory [pAN

according to J-H solution of diffusion equation
Cx,0) a concentration profile is common for both
S, o\ S Sat2Sp lamellae of the composite in situ
~assumption of non separation of concentration

micro-field (in the J-H theory)
together with concept of ideally coupled growth

Composition
0
—
K
I
s

T(x,O)I . AT, =ATg = AT results in discontinuity
I \\‘Sa S *i*% ,  of undercooling at o/ inter-phase boundary
5 AT, AT Pt ~moreover, some parts of the a as well as 3 phase
5 X \é / t lamellae should grow outside of the regime
R TR '
T* v v v
N undercooling
7x) ¢ AT results from changes

FIG5 of the solute concentration
ATg results from

the s/ | interface curvature
S(x+2s[3

K

Interface shape
K !
3

|
%)
%)

R
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Application of Jackson-Hunt theory ||]|]T
to the phase diagram PAN

§

T total undercooling: AT=T"-T.

solute concentration

solute concentration at eutectic point

half the width of the a. phase lamella

half the width of the g phase lamella

equilibrium temperature

equilibrium temperature corresponding

to changes in solute concentration

at the o phase solid / liquid interface (z = 0)

equilibrium temperature corresponding

to changes in solute concentration

at the B phase solid / liquid interface (z = 0)

FIG.6 T real temperature of the solid/liquid interface
Te temperature of eutectic transformation

7Pe.0)

SutSp S

undercooling — phase diagram K.A. Jackson, J.D. Hunt, Trans. AIME, 236, 1129-1142, (1966)
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An Initial correction ||]|]T

of Jackson-Hunt theory DAN
b
FIG. 7
now
o p
|(-- C{,*--J( ----- h-.... >‘ Co* S, = CyP Sp
thus
a/corrected planar solid / liquid interface Co' S, —Coﬁsﬁ
b/corresponding arbitrary phase diagram Bg = Sy +54 =0
a

C:CE+Cw+§Bncos dalis exp| — e
n=1 Sa+S,B Sa+S,B
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PAN

s s 0 S S _+28
é Cg v e OLJ'r i
E X
Q
O
v p
->
) T(x70) b
‘3 \—SOc 0 S So 28
2t A S K >
= VAT, AT :
= \ : / \*D/ AT x Ce &
NAT, AT : <
r*J v\ X vt v Sa+Sp Sq, 0

FIG.8 solute concentration and undercooling FIG.9 undercooling — phase diagram

no significant improvement of the J-H theory ! - as it is seenin FIG. 9
(to be compared with the scheme in FIG. 6)
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5i(Fundamentals of the current analysis ||]|]T
Concept of the coupled growth DAN

coupled growth is
a new concept to
Improve J-H theory

AT =T ,—-T¢
Cp C
X
-«
Sa+SB S, 0
desired relation: undercooling — phase diagram
FIG. 10 but generally > AT, # ATﬂ
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- undercooling — phase diagram

Cg
«
SatSp Sy 0 ST @ (X,O) + 8T (X,o) — AT;
total undercooling > . 5 *
- 6T 7 (x,0)+6T4 (x,0)= AT,
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Solute concentration due ||]|]T
to the concept of coupled growth

PAN

SC%(x,0)=C*(x,0)-Cg

r | ’ B sc’(x,0)=C?(x,0)-Cp
S

> ; .
B C undercooling — phase diagram
¢

cg(s,,0)=C¢&(S,,0)-Cg <0
consequentially >
FIG. 12

ct(s,,0)=c#(s,,0-Cg >0
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7 Fundamentals of the new solution |[fill

) >K to the concept of coupled growth |paAN

/

)

FIG. 13

cég(s,,00=C&(S,,0)-Cg <0
a/ planar s / | interface 0 ( ) S ( ) E
b/ corresponding B AR

arbitrary phase diagram Co (Sa ’O) =Cg (Sa ’O)_ Ce >0
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FIG. 14

undercooling — phase diagram

diffusion equation is:

with oC (S

A

(il

PAN

2)=C(S,,z)-Cg =0
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undercooling — phase diagram

diffusion equation is:

(il

PAN

it is required to solve the diffusion equation in such a way to:

a/ satisfy the solid / liquid interface undercooling behaviour
defined in FIG. 15

b/ obtain the solution separately for the a— phase lamella
and - phase lamella

METRO — MEtallurgical TRaining On-line Copyright © 2005 Waldemar Wolczynski - IMMS PAS

FIG. 15

16



N i General solution to the diffusion H]l]T
@) equation =R

diffusion equation is:

general solution to diffusion equation formulated
In accordance with the concept of coupled growth
Is as follows:

oC(X,2)= X(X) Z(z)
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2 Solution to the diffusion equation H]l]T
N Detailed formulations DAN

general solution to diffusion equation formulated
In accordance with the concept of coupled growth
Is as follows:

where oC(X,2)= X(Xx) Z(z)
X(x) = Acos(x) + Bsin(wx)

A, B, o - parameters are to be defined
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,. \ Definition of the unknown parameters II]I]T
) PAN

A, B, o - parameters are to be defined definitions are to be given separately

al for the o phase lamella X€ [0, Sa] z2>0

the values of B and o parameter yield from conditions a/ and b/:

00C(X,2)
OX x=0

=0 and b/ 6C(S,,z)=0

froma/ —w Asin(w-0)+wBcos(w-0)=0 ityields -

froma/and b/ Acos(wS,)=0 (2n - 1)z
W =Won_1 = ) n:1,2,...
and 2S
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(( Detailed solution

P to the diffusion equation

a/ for the o phase lamella X € [O’ Sa] z>0

where A1 are constants
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= Slow solidification ”]l]T

9» Solution to diffusion equation PAN
it is evident that for slow solidification: (2n -1z >> v
2S, 2D

al for the o phase lamella X € 0, Sa] z>0

2
SC(X,2) = iAZn_l cos[(znz_sl)ﬂxjexp [_v_\/v2+ [(Zn _1)7zj ]z

n=1 o 2D\ 4D*? 2S,,
reduces to
% (2n —1) 7z X (2n -1«
oC(x,z2)= > A, 1 COS exp| — Z
(,2)= 2 Aans ( 2S | L7 s,
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’ ‘ 2\ A,,.. parameters

the values of A, , parameters are calculated applying the condition:

06C(x,7)|
0z ‘z:O

=f (x); f,(x)<0, xel0,S,]

for

a/ micro-filed of solute concentration for rapid solidification

b/ micro-filed of solute concentration for slow solidification

_ i A [_ (2n —1)7[] COS[(an_s 1)7zxj

00C(X,2)
0z 2S
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Application of the f(x) function ||]|]T
PAN

additionally, new function f(x) is to be introduced:
f(x), —2S,<x<2S,, f(—x)=f1(x), f(x+2S,)=-1f(X)

the following property of the f(x) is to be applied

0 N X
f(x)~—2 + a, CosS
( ) 2 nZ:1 [2805]

i 2o N X
a, =— f (x)cos dx
j (X) (28 ]

where S

(04 a
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f(x) D]

PAN

since:  F(Xx+2S,))=-f(x) for n=2k k=0,12,...

a, = fj f(x)cos[zzkngd _

a

it yields:

S, 28,
1 If(x)cos 499, dx+j f(x)cos[zmxjdx =
S, 13 25, : 25,
Sy 0
1 [ f(x)cos 4.5 dx+ [ f(x+28,)cos 2kz(X+25,) | gy |
S, |3 25, ks 25,
S, 0
21 [ foocos 2hv dx— [ f(x)cos 2KaX | |=
S, 13 25, < 25,
S, —Su
1 jf(x)cos A9 dx+_[ f (x)cos A0 dx |=
s, |1 2S, ) 25,
1 2k T x i 2k T x
< | ] f(xcos 35 dx + !f(—x)cos[ 35, Jd( )J

Sa

2K X 2K x
f X) COS dx — | f(x)cos dx [=0
(0 % o= oo %o

N
o!—.m o'—.gm
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f(x) D]

PAN

since: f(x+2S,)=—f(x) for n=2k-1,k=12,...

1% 2k —1)7x
Ay, = 5 I f(x) COS((ZS)EJ dx =

it yields: “ 0 “
25,

! f (x)cos (@57 dx+j f (x)cos @S] | =
S, 28, ] 25,

o 0
! f (x)cos E Sl dx+'|' f(x+2S,)cos (Zk ~Da(X+25,) | g |
S, 28, ! 2,

o 0
! f (x)cos Cl dx—J‘ f (x)cos (Zk_l)ﬁx+2k7r+7r dx |=
S, 28, J 25,

Sl af(x)cos (@ dx + j' f (x)cos (Zk_l)”xjdez

25 25,

o =8
1 f £ (x)cogl 12K=DZX dx— [ f(x)cos @k=Dzx |4 |-
s, 25 ) 25

§

[ £ (x)cos (2"2‘81)” dx— ! f(=x) cos(_(zzgj)m() d (—x)J _

[ 100 cos(Qk_l)m() dx
O 25

a

ot ot ot ot o o

=
S
2z
S
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= Result of the application ”]l]T
» of the f(x) function DAN

assuming: f (X + ZSa) =—1f (X)

it yields a,, =0 k=0,12,... for n =2k
and
2 Sa (2k — )7 x
a2k_1:8—£ f(X)COS( jdx for n=2k-1k=12,...

2 (2k —1) 7 x
finally, the Fourier series of the f(x) is: ipg)= Elam(_lCOS( 2S
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PAN

,’» definition of the A, , parameter (4

for rapid solidification:

-1
v (2n -7 2 a (2n =17 X
AZ“[ZD\/4D2 ( s, ] ] g{) fa(x)cos( Zsaﬂ jdx

n=12,...

for slow solidification:

CZ

Aon-1 = (2n - 1) {

_(X) COSL(2n Uz Xj dx

25

a
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~  Properties of the solution PP
S > to diffusion equation DAN

according to assumption:

fa (_X) — fa (X)’ fa (X + zsa) — fa (X)
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PAN

2\ Solution to the diffusion equation H]IH

b/ for the B phase lamella X e \_Sa , Sa + S,BJ 7>0
oC(x,z2) =

2
0 2n—-Dz (x-S, +S 2 _
B, . cos ( )7 ( atSp) exp LA (2n-)x ,
b} 2S 4 2D\ 4D?

2S5

with

rapid solidification
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PAN

b/ for the B phase lamella XE\_S(Z,S“ +S,3J 7>0

n=12,...
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(il

BPAN
al for the a phase lamella
P - 5C%(x,0)+Cx 5CB(.0)-Cs a
X e [O,Sa] 7=0 = C—S S, \ S t28p
Q E ] >
b/ for the B phase lamella g \ 2
O
XSy Sy +S5| 2=0 o B
FIG. 16
o B b
: 0T (x,0TE ST P(x,0+Tg
micro-field _ 0 s § 08
of solute concentration 5 Ty “\ : > // 2
undercooling 5 \ E x
E) TB* ...................
*
L
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B Total mass balance within ||]|]T
);»k micro-field of solute concentration

BAN
© S 0 Sg TS o Af_1\"-1
[ ] 5C(x,z)dxdz +| j5C(x,z)dxdz+:Z4( ) D
0 O S(Z n=1 (2”—1)72'
2
Ao 1 82 Bon_1 Sp 0
VS, +V?SZ+(2n-1)2D%z% VS, + V252 +(2n-1)2Dx?
h
Wnere Aot S2\vS; + V282 + (2n-1)2D%7? |
an—l — 2 y N :1,2,
52 (vSa +v2S2 + (2n —1)2D27z2)

for rapid solidification A

2
S
an—l — A2n—1 (Sa] n :1,2,...
B
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for slow solidification >



0C(x, z)+Cy

FIG. 17

mass balance calculated for
planar solid / liquid interface
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S i« Local mass balance within H]m
» mMicro-field of solute concentration 5K

local mass balance is satisfied at z = 0 for o phase lamella
and z = d for B phase lamella

after some rearrangements

2S ()" = 25, (- _VSﬂ—FJVZS§+(2n—4)2D2ﬂ2

2n-1 p
(2n-Dr 2DS,

d|=0

o0 A _
nZ::1 2n-1 (2“—1)72' n=1
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% (@ Visualization of local mass balance within H]I]T

1
- 1\ \)

METRO — MEtallurgical TRaining On-line Copyright © 2005 Waldemar Wolczynski - IMMS PAS 35



Definition of the phase protrusion H]l]T
PAN

rapid solidification
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Confirmation for the existence ”]m
of the phase protrusion

FIG. 19

oriented growth of
the (Pb) — (Cd) composite in situ

phase protrusion visible for (Cd) - leading phase, FIG. 19a
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1 o / B inter-phase mass balance II]I]T
: > PAN

the s / | interface mass balance requires

O *(x,0)

S, — == =8, D(l k,)C%(x,0) xe[0,S,, ]
o8C* (x,d S _, S
S, az( )_ SﬂD(l ks)CP(x,d) xe[8,:8,+8]

mass balance at the o / B inter-phase

o (x,d) _

a
0 (%0) | i LSy
Z

lim S,
X—=>Sy oz X—>Sy

Vv Vv Vv
Su 5 C6 (S4.0)+Sp Ecoﬂ(sa d)= B(sac:(‘;‘(s&,o)+ sﬂcgf(sa,d)): 0
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Triple point of the s / | interface H]I]T
PAN

L
g OO scBoyrc, @
2 s Su N\ Sar2Sp
Q (g >
: NS
)

o! &

solute concentration

micro-field exists o 8 b
within the transition OT ™ (x,01+Tg 0T " (x,0)+TE
phase, d, (over leading 2 T— a\ 0 So / S“Tzsﬁ ’
phase) as if it was gk ; 5 x
the liquid phase 3 :

. g TEL N R £
solute concentration & B :
undercooling FIG. 20 T
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Mass transport at the solid/liquid interface of
growing composite In situ

End of the lecture
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